arXiv:1508.07447v3 [math.AP] 10 Dec 2015 


STRATIFICATION OF FREE BOUNDARY POINTS EOR A TWO-PHASE 

VARIATIONAL PROBLEM 

SERENA DIPIERRO AND ARAM L. KARAKHANYAN 


Abstract. In this paper we study the two-phase Bernoulli type free boundary problem 
arising from the minimization of the functional 

J{u) := |Vu|J’ + X{«>0} + X{u<0}, l<p<oo. 

Here C is a bounded smooth domain and A± are positive constants such that A^—A^ > 
0. We prove the following dichotomy: if xq is a free boundary point then either the free 
boundary is smooth near xg or u has linear growth at xq. Furthermore, we show that for 
p > 1 the free boundary has locally finite perimeter and the set of non-smooth points of free 
boundary is of zero (N — l)-dimensional Hausdorff measure. Our approach is new even for 
the classical case p = 2. 
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where is a bounded and smooth domain in xd is the characteristic function of the set 
D C , and X± are positive constants such that 

(1.2) A:=A(^-AP>0. 

The class of admissible functions A consists of those functions u G with 1 < p < oo, 

such that u — g G for a given boundary datum g. 

This type of problems arises in jet flow models with two ideal fluids, see e.g. [4] and [2^ page 
126, and has been studied in [1] for p = 2. When the velocity v of the planar flow depends on 
the gradient of the stream function u in power law v = |Vu|P“^Vu (see [3]), then the resulted 
problem for steady state admits a variational formulation with the functional In higher 

dimensions, this models heat (or electrostatic) energy optimization under power Fourier law, 
see [26]. 

For admissible functions in A^ = {u G A, u > 0} the analogous problem has been studied 
in m- However, the two-phase problem for general growth functionals has remained funda¬ 
mentally open. Towards this direction there are only some partial results available under the 
assumption of small Lebesgue density on the negative phase, see |22l|5]. This is due to the lack 
of a monotonicity formula for p ^ 2. However, some weak form of monotonicity type formula 
is known for the modified Alt-Caffarelli-Friedman functional, namely a discrete monotonicity 
formula in two spatial dimensions when p is close to 2, see m- 

The aim of this paper is twofold and contributes into the regularity theory of the two-phase 
free boundary problems: hrst, we define a suitable notion of flatness for free boundary points 
which allows to partition the set d{u > 0} into to disjoint subsets T and IN'. Here T is the set 
of flat free boundary points and AT the set of non-flat points. These sets are determined by 
the critical flatness constant ho, such that if the flatness a,t x G d{u > 0} is less that ho then 
the free boundary must be regular in some vicinity of x. Consequently we can stratify the free 
boundary points and prove linear growth at the non-flat points of free boundary (see Section]^ 
for precise definitions and statements). 

The advantage of this approach is that it avoids using the optimal regularity for u everywhere 
and hence circumvents the obstacle imposed by the lack of monotonicity formula. However, our 
technique renders the local Lipschitz continuity using a simple consequence of Theorem A below. 
Observe that the non-flat points cc G 3Nf are more interesting to study and it is vital to have 
linear growth at such points x in order to classify the blow-up profiles. 

Second, to study the flat points x G 3^ we apply the regularity theory developed for viscosity 
solutions of two-phase free boundary problems. To do so we prove that any local minimizer is 
also a viscosity solution. At flat points we get that the free boundary d{u > 0} is very close 
to a plane in a suitable coordinate system. Consequently, u must be e—monotone with £ > 0 
small, which in turn implies that the free boundary is in some vicinity of x. This approach, 
which is based on the fusion of variational and viscosity solutions, appears to be new and very 
useful. 

Finally, from here we conclude the partial regularity of d{u > 0}, that is d{u > 0} is count¬ 
ably rectifiable and > 0}\9red{M > 0}) = 0, where is the (iV — l)-dimensional 

Hausdorff measure. 
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It is worthwhile to point out that our approach is new even for the classical case p = 2. 

In the forthcoming Section we give the precise statements of the results that we prove. A 
detailed plan on the organization of the paper will be presented at the end of Section]^ 


Basic Notations 



generic constants, 


U 

the closure of a set U, 


dU 

the boundary of a set U, 


Br{x), Br 

the ball centered at x with radius r > 0, Br := Br{0), 


T = d{u> 0} 

the free boundary d{u > 0}, 


/ 

mean value integral, 


UJn 

the volume of unit ball, 


Ll'^{u) := {u > 0} 

the positivity set of it. 


Ll~(u) := {it < 0} 

the negativity set of it, 


N 

the set of non-flat free boundary points, see Definition 

2.1 

T 

d{u > 0} \ N, 


X{u) 

A(J_ X{u>o} + AO X{u<o}i 


A, Ag 

A = A(|. — A({, Ag = the Bernoulli constants. 

2. Main Results 



2.1. Setup. The existence of bounded minimizers of the functional in can be easily estab¬ 
lished using the semicontinuity of the p—Dirichlet energy and the weak convergence in W^’^, 
and can be found in [Ill- 
Let now xq G d{u > 0} and 

(2.1) S(h; xo, v) '■= {a; e M" : —h < {x — xq) ■ v < h} 

be the slab of height 2h in unit direction v. Let /imin(a;o, c, v) be the minimal height of the slab 
containing the free boundary in Br(xo), i.e. 

(2.2) ^min(a;o, r, v) := inf{/i : d{u > 0} n Br{xo) C S{h; Xq, u) n Brixo)}- 
Put 

(2.3) h{xo,r) := inf h^i^{xo,r,u). 

Clearly h{xo,r) is non-decreasing in r. 

Theorem A. Let u be a local minimizer of (ini)- Then, for any bounded subdomain D <£ LI 
there are positive constants hg and L depending only on A,p, A,supq |m| and dist{dLl, D) such 
that, for any xq G D D d{u > 0} one of the following two alternatives holds: 

• if h{xQ,2~^) > hi)2~^~^, for all k G N, 2“^ < dist{dLl, D), then 

sup |u| < Lr, 

Br/l(xo) 


for alio <r < dist(5f2,D), 
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• if h(xo, 2 < ho2 ^ for some kg GN then the free boundary d{u > 0} is (7^’“ in 

some neighbourhood of xg. 

We call hg/2 the critical flatness constant. 

The statement in Theorem A leads to the following definition: 

Definition 2.1. We say that z € d{u > 0} is non-flat if h{z,2~^) > hg2~^~^ for all k € N 
such that 2~^ < dist( 2 ;, 9f2). The set of all non-flat points is denoted by 3Nf(r) or for short. 

Notice that if z ^ N then h{z^2~^°) < hg2~^°~^, for some kg S N. So Theorem A gives a 
partition of the free boundary of the form 

(2.4) 9{u>0} = TUN 

where T := {x G d{u > 0} : h{x,2~^°) < hg2~^°~^, for some kg G N} is the set of flat free 
boundary points. 

Theorem B. Let u be as in Theorem A. Then, for any subdomain D LI we have 

TL^~^{d{u > 0} n D) < 00 

and 

'H^~^{{d{u > 0} \ dred{u > 0}) (7 Z?) = 0. 

In particular, n N) = 0. 

We remark that, as a consequence of Theorem A, we also obtain local Lipschitz continuity 
for the minimizers. 


Theorem C. Let u be as in Theorem A. Then for any subdomain D Ll there is a constant 
Cg depending only on dist{D, dfl), N,p, A, hg and L such that 

(2.5) \u{x) - u{y)\ < Cg\x - y\, 'ix,y e D. 


The proof of Theorem C will be given in Section 


2.2. Strategy of the proofs. The methods and the techniques that we employ to prove 
Theorems A and B pave the way to a number of new approaches. 


First, we fuse the variational methods with the viscosity theory. This is done by proving that 
any local minimizer u G is also a viscosity solution (see Section]^ and in particular 

Theorem 4.21. The key ingredient in the proof is the linear development of a nonnegative 
p—harmonic function v in D C near xg G dD that vanishes continuously on Bflxg) H dD, 
see Lemma |4.3[ There is a subtle point in the proof of the linear development lemma which 
amounts to the following claim: if a;o G > 0} and Br{yg) C {u > 0} with xg G dBr{yg) 
then u has linear growth near xg, i.e. there is a constant C{xg) > 0 (depending on xq) such 
that |M(a;)| < C{xg)\x — Xg] near xg. Indeed, by standard barrier argument we have that 

$(|a::-?/o|)-$(r) 


u {x) < sup u 
B^rivo) 


$(2r) — 4>(r) 


where $(t) = t p-^ . Therefore 


near xg follows form Lemma 3.7 


has linear growth near xg. Now the linear growth of u~^ 
Clearly the same claim is valid if B^iyg) C {m < 0} and 
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xq € dBr{yo). We stress on the fact that Lemma 4.3 on linear development remains valid for 
solutions to a wider class of equations for which Harnack’s inequality and Hopf’s Lemma are 
valid. 

Second, we compare r = 2“^ with the minimal height h{xo,r) of the parallel slab of planes 
containing Br{xo) H d{u > 0}, for xq S d{u > 0}. More precisely, take fc S N, and fix /iq > 0, 
then 


( 2 . 6 ) 


either h(xQ,2 > ho2 


•) —fe —1 


or 


(2.7) h{xo,2-’^) < ho2-'^-\ 

Consequently, for given xq € d{u > 0} there are two alternatives: either for some k we arrive 


at (2.7) and this will mean that Xq is a flat point of d{u > 0} (if hp > 0 is small) or (2.6) holds 


for sufficiently large k > kg. The latter implies linear growth at xq- Note that the non-flat 
points are more interesting to study and having the linear growth at such points allows one 
to use compactness argument and blow-up u in order to study the properties of the resulted 


configuration as done in the proofs of (7.2), (7.3) and (7.6). Note that if (2.6) holds for 


1 < fc < fco then we have linear growth for u near Xq unto the level 2 see Corollary 6.2 


Altogether, this approach allows us to prove the main properties of the free boundary without 
using the full optimal regularity of u and can be applied to a wide class of variational free 
boundary problems with two phases. A diagram showing the scheme of the proof is given 
below. 

As for the proof of the partial regularity result, i.e. 

(d{u > 0} \ 9..ed{M > 0}) = 0, 


we employ a non-degeneracy result obtained in Proposition 3.5 for u~*' and some estimates for 
the Radon measure ApU'^ given in Lemma 7.1 This is a standard approach but more involved 


because the linear growth is valid only at non-flat points of the free boundary. 

2.3. Structure of the paper. In Section we collect some material, mostly of technical na¬ 
ture, that we will use in the other sections. In particular, we prove the continuity of minimizers, 
by showing that Vm G BMOioc if p > 2 and G BMOioc if 1 < p < 2. We also recall 

the Liouville’s Theorem and some basic properties of minimizers. Finally we show that u'^ is 


non-degenerate, in the sense of Proposition 3.5 and a coherence lemma (see Lemma 3.7). 


In Section]^ we prove that any minimizer of the functional in (1.1) is also a viscosity solution, 


according to Definition 4.1 This will allow us to apply the regularity theory developed in [^124] 
for viscosity solutions and infer that the free boundary is C^’“ regular near flat points. 

In Section we discuss and compare the notions of £-monotonicity of minimizers and of slab 
flatness of the free boundary. 

Section is devoted to the proof of Theorem A and Section contains the set up for the 
proof of Theorem B. In Section]^ we deal with the blow-up of minimizers proving some useful 
convergence and finish the proof of Theorem B. 

Then in Sectionwe prove Theorem C. 
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The paper contains also an appendix, where we prove a result needed in Section]^ 


if there is a touch- 

Let n be a 

if there is a touch- 

ing ball B C 

<-^ minimizer and \-► 

ing ball B C 

such that xq G dB 
\ > 

Xq 6 d{u > 0}; 

such that Xq G dB 

) 


then there is a con- 


then there is a con- 

stant C(xq) depend- 


stant C(xq) depend- 

ing on Xq such that 


ing on Xq such that 

sup u~ < C(xq)p 


sup < C{xq)p 



Bp{xo) 


from Lemma (3.7 Ithere 

is a constant C(xq) 

depending on Xq such 

that sup < C(xq)p 

Bp{xQ) 


from Lemma l3.7 Ithere 

is a constant C{xo) 

depending on xq such 

that sup u~ < C{xq)p 

Bpixo) 

1 


from the linear growth 


from the linear growth 

at Xq we have the linear 


at Xq we have the linear 

development Lemma |4.3| 


development Lemma |4.3 1 


then u is a viscosity solution 




3. Technicalities 

In this section we prove some basic properties of minimizers. 


3.1. A BMO estimate for Vm. We first prove the continuity of minimizers of (1.1) with any 


a—Holder modulus of continuity, with a G (0,1), if p S (1,2) and log-Lipschitz modulus of 
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continuity ii p > 2. Our method is a variation of [T] and uses some standard inequalities for the 
functionals with p—power growth. 


Lemma 3.1 (Continuity of minimizers). 


Let u be a minimizer of (1.1). 


Then 


• for 1 < p < 2, we have that |Vu|^ Vrt S BMO{D) for any bounded subdomain D fl, 
and consequently u G C'^{D) for any a G (0,1), 

• for p > 2, we have that Vu € BMO{D), for any bounded subdomain D Cl, and thus 
u is locally log-Lipschitz continuous. 


In particular, Vu G L'^{D) for any 1 < q < oo and for any p > 1. 


Proof. Fix R> r > 0 and xq G D such that B 2 r(xq) <£ D. Let v be the solution of 


j ApV = 0 mB2R(xo), 

[ u = M on dB 2 R{xo). 

Comparing J{u) with J(v) in B 2 r{xq) yields 


(3.1) J B2r(xo) 


f \S/u\P - |Vu|^’ < f A(|.X{„>o} + A()x{„<o} - (A((.X{«>o} + A!.X{«<o}) 

J BoFl(xn) J BoFtixn) 


I B2r(xo) 

< CR^, 


for some C > 0. On the other hand, the following estimate is true (see m page 100 ) 


(3.2) 


' B2r{xo) 


|Vw|P-|Vu|P>7' 


+ |V^;|)^-'|V(u - u)p, if 1 < p < 2 , 


for some tame constant 7 > 0 depending on N and p. 
Introduce the function V : M.^ M.^ defined as follows 


(3.3) 


F(C) := 


ifl<p< 2 , 


_ if P > 2 , 

then from the basic inequalities 

(3.4) c-i(|eP + - V\^ < - V{r,)\^ < c(|^p + 

that are valid for any p > 1 (see m page 240), we infer the estimate 

(3.5) f |F(VM)-F(Vz;)|2<Ci?^, 

J B2r{xo) 


up to renaming C. Indeed, the case I < p < 2 follows from the second inequality in (3.4). As 
for the remaining case p > 2 we have by Holder’s inequality 


-f |Vu-Vi;|p] > ( '/■ |Vu-Vu 

d B2 r{xq) j xdB^.fiixn) 


B2r{xo) 


and (3.5) follows. 


Furthermore, for any p > 0, we set 

(V^(Vu)),„,p := / F(Vu). 

J B„(xn) 
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Then, from Holder’s inequality we have 

\{V{Wv)U,r - iV{Wu)U,r\^ < I / |H(Vu) - H(Vu)| 

( 3 . 6 ) \JbAxo) 

<f |H(Vu) - H(Vu)p. 

We would also need the following estimate for a p—harmonic function v. there is a > 0 such 
that for all balls B 2 r(xo) ^ D, with R > r > 0, there exists a universal constant c > 0 such 
that the following Campanato type estimate is valid 

(3.7) / \V{\7v)-ViiVvU,r)\^<c(^Y ^ \vi\/v)-V{iVvU,R)\^. 

Jb^xo) JBnixo) 

See [H] Theorem 6.4 for H(Vu) = |Vu|^Vu and [T3] Theorem 5.1 for V{\7v) = Vu. 

Denote || • \\L^(Br-(xo)) = II ’ Ib.r, then, using ( |3.6| ), we obtain 


IjH(Vu) - (H(Vu)),„.,||2 ,. 


(3.8) 


< ||H(Vu) - H(Vu)|| 2,. + ||H(Vu) - (H(Vu)),„,,||2,. 

+ ||(^(Vu)),„..-(y(Vu)),„,.|| 2 .. 

< 2 ||H(Vu) - H(Vu)|| 2,. + ||H(V?;) - (H(Vu)),„,,||2,. 

N + a 

< 2||l/(Vu)-y(Vu)||2,. + c(^) ^ ||H(Vu)-(H(Vu)),„.«||2.r, 


where, in order to get (3.8), we used Campanato type estimate (3.7). 
From the triangle inequality for norm we have 


||y(Vu) - (H(Vu)),„,i^||2.fi < 2 liy(Vu) - H(Vu)||2.fi + ||H(Vu) - (H(Vu)),„.i^||2.R, 


and so, combining this with (3.5), we obtain 


||l/(Vu) - (H(Vu)),„,.||2.. 


< 2||F(Vu)-H(Vz;)||2.. 

N + a 

+C(^) ' [2||H(Vu)-H(Vu)||2,R+||H(Vu)-(H(Vu)),„.fl||2,R] 

< c|||H(Vu)-y(Vu)||2,R+(^) ^ ||H(Vu)-(y(Vu)),„,fl||2.R| 

N+a 

< a(^Y) ^ \\V{Vu)-ViiVu))x,,R\\2,R + BR^, 


for some tame positive constants A and B. 

Introduce 

ip{r) := sup||H(Vu) - {V{Vu))xo,t\\ 2 .t, 

t<r 

then the former inequality can be rewritten as 

N d-Q: 

^ir)<A(^Y} ' ^iR)+BR^, 
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with some positive constants A,B,a. Applying Lemma 2.1 from m Chapter 3, we conclude 
that there exist Rq > 0 and c > 0 such that 

ip{r) < cr^ ^ 

for all r < ii < i?o, and hence 

[ \V{Wu)-{V{Wu)),„,r\^ <Cr 

J Br{xo ) 

for some tame constant C > 0. This shows that C(Vw) is locally BMO. The log-Lipschitz 
estimate for p > 2 now follows from jlO] Theorem 3. The Holder continuity follows from 
Sobolev’s embedding and the John-Nirenberg Lemma. □ 


N 


Remark 3.2. From Lemma \3.1\ it follows that for any D <£ fl there is a constant C > 0 
depending only on 7V,p, A, sup^ |n| and dist{D,dfl) such that if p > 2 and Xq G L, then 


dBrixo) 


< Cr for any Br{xo) C D, 


Hg. 


3.2. Liouville’s Theorem. This section is devoted to Liouville’s Theorem, that we use in the 
proof of Proposition |6.1 1 We add the proof here. 


Theorem 3.3. Let U be a p-harmonic function in such that 
(3.9) < C\x\, for any x G 

for some C > 0. Then U is a linear function in . 

Proof. For any r > 0, we introduce the scaled function 

U{rx) 


(3.10) 


Ur{x) := 


Hence Ur is a p-harmonic function and 

|[/r(a;)| < C\x\, for any x G 


thanks to (3.91. 


Moreover, from the ’“-estimates for p-harmonic functions in Bi (for some a G (0,1)), 
see na, we have that sup^^ |V[/r(a;)| < M and, moreover, 

\VUr{x)-VUr{y)\ ^ \VU{rx)-VU{ ry)\ 

|a;-y|“ \x - y\°‘ 

for a positive constant M, depending only on iV, p and sup^^ l^i-(a;)| < 2C. 


(3.11) 


<M, x,yGBi,Xyt.y 


Hence, taking ^ := rx and p := ry in (3.11), we obtain that for any r > 0 

M 

(3.12) |VC/(0-Vt/(p)| < —|^-p|“, for any ^,p G 


In particular, (3.12) holds true for any r > 1. Therefore, letting p G Hi and sending r —> -|-oo 


in the formula above, we obtain that 


|VC/(^) — Vt/(p)| = 0 for any p G Hi. 
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Hence, U is linear in Bi. This completes the proof in view of the Unique Continuation Theorem 

[H]. □ 

3.3. Some basic properties of the local minimizers of J. 


Proposition 3.4. Let u G he a local minimizer of (1.1). Then 

P.l ApU^ > 0 in the sense of distributions and ApU = 0 in {n > 0} U {n < 0}, 

P.2 for any D LI there is cq > 0 depending only on iV,p, A, sup^ |n| and dist(Il,9U) such 
that if 

|i?j.(aio) n {n < 0 }| 

hmsupj- r——^ < Co, xoGTnD 

r-fO \^r{Xo)\ 

then sup 5 ^( 2 ,jj) |m| < ^r where C is a tame constant. 

Proof. P.l follows from a standard comparison of u and u + eip, where is a suitable smooth 
and compactly supported function. P.2 follows from [^. □ 

3.4. A remark on the volume term and scaling. It is convenient to define 
(3-13) A(n) := A^X{„>o} + ^-X{u<o} = ^A{m>o} + A^, 


with A := > 0. As a consequence, the functional in ( | 1 . 1 [ ) can be rewritten in an 

equivalent form 


(3.14) 


J(n)= [ |Vnr + Ax{„>o}+A^|U|. 
Jn 


Notice that the last term does not affect the minimization problem, and so if u is a minimizer 
for J, then it is also a minimizer for 


(3.15) 


J{u) := / |Vm|p + Ax{„>o}. 
Jn 


Observe that if A > 0 then the free boundary d{u > 0} U i9{it < 0} for the minimizer u of J 
coincides with d{u > 0}. Indeed, let Pq := d{u < 0} \ d{u > 0}, then we clearly have that if 
xo G Pq then there is r > 0 such that u < 0 in Br(xo), and so u is p—superharmonic in Br(xo). 
On the other hand, we have that A = A^ — A^ >0, and so we get a contradiction with P.l of 


Proposition 3.4 Therefore Tq = 0. 


The functional J preserves the minimizers under certain scaling. This property is a key 
ingredient in a number of arguments to follow. 


More precisely, let u be a minimizer of (1.1), and take xg G d{u > 0} and r > 0 such that 
Br(xo) C Ll. Fixed p > 0, set also Up{x) := for some constant S' > 0. Then one can 

readily verify that 


(3.16) 


ivup(x)r. 


p 

LSI 


p 


p 1 


LSI p 


-PN L . . +^x{«>o}- 


' Bp {xq ) 


^X{up>0} 

In particular if we let S = p then 

(3.17) [ \yup{x)\P + Axiu,>o} = ^ [ |Vur + Ax{„>o}. 

JSi P JBp{xo) 

Therefore if u is minimizer of J in Bp{xg) then the scaled function Up is a minimizer of J in i?i. 
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3.5. Strong Non-degeneracy. In this section we deal with a strong form of non-degeneracy 


for minimizers of (1.1). For p = 2, this result is contained in ^ (see in particular Theorem 3.1 
there). We use a modification of an argument from [2] Lemma 2.5. 


Proposition 3.5. For any k G (0,1) there exists a constant > 0 such that for any local 


minimizer of (1.1) and for any small ball Br C it 
(3.18) 


1 


if - {u'^Y ) < Ck then u = 0 in B^ 


Proof. By scale invariance of the problem we take r = 1 for simplicity and put 

1 


(3.19) 


e := —j= sup u . 


Since u'^ is p—subharmonic (recall P.l in Proposition 3.4), then by [25] Theorem 3.9 

1 cip,N) 


£ < 


-V^)p \Jb^ 


Introduce 


v{x) := 


\ Ci£ 

s. 

1 

1 

(M 

IT 

:i. 

1 




in B^\B^, 

in 


where p > 0 and Ci is chosen so that 


(3.20) 
that is 


QB^ ■= = sup M+ > u\oB 




Ci = 




^ — (IK _ Q — 

Furthermore, by a direct computation we can see that 


(3.21) 

and 


Vv = -Cie2pxe m.B^\B^, 


Apv{x) = Cie {p — l){2py\\'v\^ ^e 


I |^|2 _ 


N+p-2 

-1)7’ 


see m]. Thus 

(3.22) V is p—superharmonic in B^ \ B^ 

if p is sufficiently small, say. 


p < 


N+p-2 
2k{p — 1 ) 


It is clear that minjit, n} = u on 55^, thanks to (3.20), hence by the minimality of u (recall 
also Subsection |3.4|) 


J(u) < J(min{M,n}). 


(3.23) 
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Now we observe that 

J(min{M, z)}) 


|V min{M, z;}|P + Ax{inin{«,,;}>o} 


+ / |Vmin{u,z;}|P +Ax{inin{u,«}>o} 

[ |Vwr + Ax{„>0} 

J B^n{u<o} 

+ / |Vmin{u,z;}|P + Ax{min{u,«}>o}, 

JB 


while 


J{u) = 


‘ B^r\{u<o} 


|Vu|P + Ax{„>o} 


+ / + Ax{u>o} + / + Ax{u>o}- 

'^^Kn{u> 0 } J 

Therefore, from ( |3.23[ ), we have that 

|Vu|P + Ax{u>o} < / |Vmin{u,z;}|P + Ax{min{«,,;}> 0 } 

Jb^\b^ 


'B„n{u>o} 


'b^\b^ 


I Vu|^ + Ax{u>o} 


< 


'b^\B^ 


|V minju, z;}|^ — |Vu|^ 


|Vz;|P - |Vit|P 

' iB^\B^)n{u>v} 

< —p |Vz;|^“^Vz) • V max{M — z;, 0} 

Jb^\b^ 

p / — Apz; max{zt — z;, 0} + div(| Vz;|^“^Vz; max{u — z), 0}) 

Jb^\b^ 

< —p div(|Vz)|P“^Vz;max{zz — z;,0}) 

Jb^\b^ 

P / I Vz;|^“^Vz; • zz max{zt — z;, 0} 

JdB^ 

p f |Vz;|^“^(Vw • zz)zz+, 

JdB^ 


where to get the last line we also used the fact that z; is a p—supersolution in \ 
(recall (3.22)) and (3.20l). Moreover, by (3.21), we have that |Vu| = Cie2^Ke~^'^^ < Ce on 
for some C > 0. Thus 

(3.24) [ \yu\P + Ax{u>o} < PiCef-^ [ u+. 

JB^in{u'>0} J ^B^i 
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On the other hand, from trace estimate, Young’s inequality and (|3.19|), we get 

,+ 


(3.25) 


f u"*" < C{N, 1^) ( [ + f |Vm^ 

JdB^ \Jb^ Jb^ 

< C(fV, k) ( supu+ / X{u> 0 }+ [ -|Vu+|P + ^X{„> 0 } 

V B . Jb^ Jb^p p' ^ ' 

<C{N,k) (^{ey^+ X{u>o} + ^J^ |Vm+|p 

|Vm|p + Ax{„>o}, 


<Co / 

iB,,n{«>o} 

where p' is the conjugate of p and 


Co := C{N,n) 


s^/k + 1 /p' ^ 1 
P 


A 


Thereby, putting together (3.24) and (3.25), we obtain 

[ \yu\P + Ax{u>o}<p{Cer-^Co [ |Vnr + Ax{„>o}, 

J Bi^n{u>o} JB^n{u>o} 

which implies that m = 0 in if e is small enough. 


□ 


As a consequence of Proposition 3.5 we have: 


Corollary 3.6. Let u he as in Proposition 3.5 Let x € d{u > 0} and r > 0 such that Br{x) C 
fl. Then 

'f > cr, 

J B^{x) 

where c depends only on A = — A?/ >0. 

3.6. One phase control implies linear growth. The last technical estimate is very weak 


and of pointwise nature. It is used in the proof of Theorem 4.2 and serves a preliminary step 
towards the proof of Theorem A. 

Lemma 3.7. Let u be a bounded local minimizer of ([TtJ. Let xq € d{u > 0} and r > 0 small 
such that Br{xo) C fl. Assume that sup^^^,,,^) u~ < Cqx (resp. sup^^^^j.^^) u'^ < Cqc), for some 
constant Cq depending on Xg. 

Then there exists a constant a > 0 such that supg^^^.^) u’*' < aCgr (resp. sup 5 ^(,j,|^) < 

crCgr). 


Proof. We will show only one of the claims, the other can be proved analogously. Suppose that 

(3.26) 

and we claim that 

(3.27) 


sup u < Cgr 

Br{xo) 


S'(A: + 1) < maxj^-, ^5'(fc)| , 

where S(k) := sup 3 ^_^ |u|, for any fc S N. To prove this, we argue by contradiction and we 

suppose that (3.27) fails. Then there is a sequence of integers kj, with j = 1, 2,..., such that 

J 1. 


(3.28) 


S{kj + 1) > max 


2 fc,+i ’ 2 


S{kj) . 












14 


S. DIPIERRO AND A.L. KARAKHANYAN 


Observe that since m is a bounded minimizer, then (3.281 implies that kj —>■ oo as j —>■ +oo. 


Also, notice that (3.28) implies that 

2-0 

(3.29) 


sik, +1) - j 


< - —>■ 0 as j —>■ + 00 . 


Now, we introduce the scaled functions Vj{x) := ; for any x € Bi. Then, from 


(3.26) and (3.29), it follows that 


(3.30) Uj(0) = 0 and v, (x) = 


u-{xo + 2-’^^x) 2-0 Co 2C, 


< 


S{kj + 1) - S{kj + 1) j 


< —^-0 as j ^ + 00 . 


Also, by (3.16) (used here with p := 2 O and S := S{kj + 1)) we see that Vj is a minimizer of 
the functional 


|Vi;,(x)r. 




5(% + l)J 




Furthermore, it is not difficult to see that (3.28) implies that 

(3.31) sup|uj|<2, and sup|uj| = l. 

Bi Bi 

2 

Using this and Caccioppoli’s inequality, we infer that 


f \Vvf\P <4PC{N) f {vfY <2^PC{N), 


3.1 


for some C{N) > 0, implying that ||r’j||wup(B 3 ) are uniformly bounded. So using Lemma 

4 _ 

we can extract a converging subsequence such that Vj —>■ Vg uniformly in i3| and Vvj Vvq 
in for any g > 1. Moreover, by (3.29), 

2 - 0-1 


\Vv,{xW 


A(fc, + l)J 


Ax{,;j> 0 } / |Vi;o( 2 ;)|i’, as j ^+oo. 

Jb. 


This, (3.30) and (3.31) give that 


ApVo{x) = 0, vo{x) > 0 if ai S Bs, i;o(0) = 0, and supuo = 1 


which is in contradiction with the strong minimum principle. This shows (3.27) and finishes 
the proof. □ 


4. Viscosity solutions 

In order to exploit the regularity theory of free boundary developed for the viscosity solutions 
in [531 [21] '"le shall prove that any minimizer of J is also viscosity solution, as opposed to 
Definition 2.4 in [3]. For this, we recall that D+(u) = {u > 0} and il~{u) = {m < 0}. Moreover, 
if the free boundary is C^ smooth then 

(4.1) Giut,u-):=iutr-iu-r-Ao 

is the flux balance across the free boundary, where u'^ and u~ are the normal derivatives in the 
inward direction to i9D+(m) and dQ~{u), respectively (recall that Aq = is the 

Bernoulli constant). 
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Definition 4.1. Let Q. be a bounded domain of and let u be a continuous function in 12. 
We say that u is a viscosity solution in 12 if 

i) ApU = 0 in and 12“ (u), 

ii) along the free boundary F, u satisfies the free boundary condition, in the sense that: 

a) if at xq GT there exists a ball B C 12+(u) such that xq € dB and 

(4.2) M+(ai) > a(x — xo, u)++ o(|x — xol), forxGB, 

(4.3) u~{x) < f3{x — xo,v)~ + o{\x — xcj\), forx€B‘^, 


for some a > 0 and /3 > 0, with equality along every non-tangential domain, then 
the free boundary condition is satisfied 

G{a,l3) = 0, 

b) if at xq GT there exists a ball B C 12“ (u) such that xq G dB and 
u~{x) > j3{x — Xq, v)~ + o(|x — XqI), for X G B, 

u+(x) < a{x — Xq, + o{\x — xo|), for X G dB, 
for some a > 0 and ft > 0, with equality along every non-tang ential domain, then 

G(a,/3)=0. 

The main result of this section is the following: 


Theorem 4.2. Let u G be a minimizer of (1.1). Then u is a viscosity solution in 12 

in the sense of Definition \f.f\ 


The proof of Theorem |4.2[ will follow from Lemma 4^ below. It is a generalization of 
Lemma 11.17 in [9] to any p (see also the appendix in m, where the authors deal with the 
one-phase problem in the half ball.) We postpone the proof of Lemma 4.3 to Appendix [A| 

Lemma 4.3. Let 0 < u G he a solution of ApU = 0 m 12 and Xq G 912. Suppose that u 

continuously vanishes on dft n Bi{xo). Then 

a) if there exists a ball B d Cl touching dCl at xg, then either u grows faster than any 
linear function at Xg, or there exists a constant a > 0 such that 

(4.4) u{x) > a{x — xg,v)^-\-o{\x — xg\) in B, 


where v is the unit normal to dB at xg, inward to 12. Moreover, equality holds in (4.4) 
in any non-tang ential domain. 

b) if there exists a ball B d touching dCl at Xg, then there exists a constant /? > 0 such 
that 

(4.5) ufx) < fi{x — Xg,v)'^ -\-o{\x — Xg\) in B'^, 

with equality in any non-tang ential domain. 

With this, we are able to prove Theorem |4.2[ 


Proof of Theorem \4.^ First we observe that i) in Definition 4.1 is satisfied, thanks to P.l in 
Proposition |3.4[ 
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To prove ii), we let xq G T n S, i? C {u > 0} be a ball touching T at xq and v be the unit 


vector at xq pointing to the centre of B. We want to show that (4.2) and (4.3) are satisfied for 


some a > 0 and (3 >Q, with equality in every non-tangential domain. 

(in particular, the statement b) applied to u~). 


Notice that /3 is finite, thanks to Lemma 


4.3 


This follows from a standard barrier argument as one compares u with 

$(|x-j/o|)-^(t-) 


b{x) = sup u 

B2t{Vo) 


$(2r) - $(r) 


X G B 2 r{yo) \ Brivo) 


where $(t) = t , r is the radius and yo the centre of B. 


Thus a is finite too, according to Lemma 3.7 that is 


(4.6) 


a < 00 , 13 < 00 . 


Recall that, using the notation in 01131 m], the free boundary condition takes the form ( |4.1[ ) 

G'(a,/3) := -/?p - Aq. 


Therefore it is enough to show that 
(4.7) 


QP-pP = Ao. 


For this, we first consider the case (3 = 0, i.e. when u is degenerate. We define the scaled 
function at Xq 


o{x) := 


u(xo + px) 
P 


0 < p < dist(xo, 9n). 


Since xq is a non-flat point of free boundary then it follows from (4.6) that for any se¬ 
quence pj —?► 0 as j —>■ - 1-00 there is a subsequence Pj(k) 0 such that converges to 

some Uq. Moreover, owing to Lemma |4.3[ in a non-tangential domain we have that 

o(p|x|) 


Up{x) = a{x, i/)+ -I- 


a(x, i')~^ as p —)■ 0. 


Without loss of generality, we may assume that p = ei. Thus, after blowing-up, we have 
that Uq = axi in a cone Kq := {x = {xi, x') G Xi > |x'| cos0} for some 0 G (f, f )■ 

Notice that uq > 0 in ATo H (i ?2 \ ^i)- Also, ApUo = 0 in ATq H (i ?2 \ ^i)- Then, by the 
Unique Continuation Theorem (see Proposition 5.1 in [IS]) we get that uq = ax^ in . In 
turn, this implies that the free boundary condition is satisfied in the classical sense on the 
hyperplane {xi = 0}. That is, |Viio|P = Aq on {xi = 0}, and so = Aq on {xi = 0}. 


Hence (4.7) is satisfied in the case (3 = 0. 


Suppose now that (3 > 0, namely u~ is non-degenerate. Reasoning as above and blowing- 
up, we can prove that Uq = axf. It remains to show that Uq = /3x(j". To do this, we 
set To := d{uQ > 0}, that is Tq is the free boundary of the blow-up uq. We take z G {xi = 0}, 
z ^ 0, and we take the ball Br{z) for some 0 < r < |z|, see Figure[^ 


There are three possibilities: 

Case 1) uo vanishes only on Br{z) fl {xi = 0} and uq > 0 in Br{z) D {xi < 0}, 
Case 2) uq vanishes only on Br(z) fl {xi = 0} and ug < 0 in Br(z) fl {xi < 0}, 
Case 3) uq vanishes in Br(z) n {xi < 0}. 
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Figure 1. In the coloured half of Br ( z ) either mq < 0 or wq = 0. 


Notice that Case 1) cannot occur, because it would imply that we deal with a one-phase 
problem in Br{z) and the density estimate for the zero set would be violated (see Theo¬ 
rem 4.4 in [lljb 

Consider now Case 2), and observe that on the hyperplane {xi = 0} the free boundary 
condition is satisfied in classical sense: 


in Br{z). In particular, 


|Vuo-|P = aP-Ao =: 


(4.8) 

|Vmo I 

= 7 > 0 

on {xi = 0} n Br{z) 

Define 

Wo := 

f '^0 

in Br{z) n {xi < 0}, 


\ 1x1 

in Br{z) n {xi > 0}. 

We claim that 




(4.9) 


II 

a, 

<1 

0 in Br/ 2 {z)- 


Indeed, M isp-harmonic in i?r(-7)n{a:i > 0}. Moreover, (4.8) yields that Mq € C^{Br/ 2 iz) {xi < 0}), 
therefore we have that ApU = 0 pointwise in 5^/2( 2 ) H {a;i < 0}, and so (4.9) follows. 

Hence, from (4.8), (14.91) and the Unique Continuation Theorem 


we obtain that Uq must 
be a linear function in B^j^i^z') n {xi < 0}. Then, Proposition 5.1 in [I9j implies that Uq is a 
linear function in {xi < 0}. Thus the free boundary condition is satisfied in the classical sense 
on the plane {xi = 0} including the origin, and this proves equality in (4.7) in Case 2). 

Now we deal with Case 3). We consider a cube Q = (—5r, 5r) x (—5r, 5r) centered at the 
origin such that Br{z) C Q, and we set Q~ ■.= QD {xi < 0}. Notice that 


(4.10) 


Mq < 0 in Q . 
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In particular, uq < 0 on dQ . According to the remark in Subsection 3.4 
in (5“ of the functional 


uq is a mimmizer 


J(u)= iVur + Axiu>o} = |Vnr- 

JQ- JQ- 

Therefore uq is p-harmonic in Q~. By maximum principle, uq cannot achieve its maximum 
inside Q~. This and (4.10) imply that uq < 0 in Q~, and so the free boundary coincides 
with {a;i = 0}. 


This concludes the proof of ii)-a) in Definition 4.1 Similarly, one can also prove ii)-b). Hence, 
u is a viscosity solution, and the desired result follows. □ 


5. On e— monotonicity of u and slab flatness of d{u > 0} 

One of the main free boundary regularity theorems for viscosity solutions is formulated in 
terms of the £—monotonicity of u. More precisely, we have: 


Definition 5.1. We say that u is e—monotone if there are a unit vector e and an angle Oq with 
00 > f (say) and £ > 0 (small) such that, for every s' > e, 

(5.1) sup u(jj — e'e) < u{x). 

Se'sin { x ) 

We denote by r(0O)e) the cone with axis e and opening 0o- 

Definition 5.2. We say that u is e—monotone in the cone r(0O)£) if it is e—monotone in any 
direction t G r(do,£)- 

One can interpret the £—monotonicity of u as closeness of the free boundary to a Lipschitz 
graph with Lipschitz constant sufficiently close to 1 if we leave the free boundary in directions 
e at distance e and higher. The exact value of the Lipschitz constant is given by (tan 
Then the ellipticity propagates to the free boundary via Harnack’s inequality giving that T is 
Lipschitz. Furthermore, Lipschitz free boundaries are, in fact, (7^’“ regular. 

For p = 2 this theory was founded by L. Caffarelli, see HEllHl. Recently J. Lewis and K. 
Nystrom proved that this theory is valid for all p > 1, see [231 HI]- In fact, their argument does 
not require u to be Lipschitz. 


For viscosity solutions we replace the £—monotonicity with the slab flatness measuring the 


thickness of d{u > 0} n Br{x) in terms of the quantity h{x,r) introduced in (2.3). In other 
words, h{x, r) measures how close the free boundary is to a pair of parallel planes in a ball 
Br{x) with a: € F. Clearly, planes are Lipschitz graphs in the direction of the normal, therefore 
the slab flatness of F is a particular case of £—monotonicity of u. 

Hence, under /lo^Aatness of the free boundary we can reformulate the regularity theory 
“flatness implies (7^’“” as follows: 


Theorem 5.3. Suppose that Br{xQ) C ft with Xq G d{u > 0}. Then there exists h > 0 such 
that i/F n Br{xo) C {x G : —hr < {x — Xq) ■ v < hr) then F n Bj./2{xo) is locally (7^’“ in 
the direction of v, for some a G (0,1). 
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6. Linear growth vs flatness: Proofs of Theorems A and A' 

6.1. Dyadic scaling. We first discuss a preliminary result, that we will use for the proof of 
Theorem A. 


Proposition 6.1. Let u be a local minimizer of J and xq G T n Bi G LI. For any k gN, set 

S{k, u) := sup |u|. 

K-kM 


( 6 . 1 ) 


If ho > (I is fixed and h ( xq , > 2 f+t for some k, then 

L2~^ S{k,u) S{k — m,u) 


S{k + l,u) < max 




2 ’ 2 ’ ■ ■ ■ ’ 2"*+i ’' 

for some positive constant L, that is independent of xq and k. 

Otherwise if h (xq, for some k, then P H B 2 -(k+i) is a smooth surface, for 

some a G (0,1). 


Proof. We first deal with the case h (xq, In order to prove (6.1), we use a con¬ 


tradiction argument discussed in [^. Hence, we suppose that (6.1) fails, that is there exist 
integers kj,j = 1,2,..., local minimizers Uj and points Xj G Pj H Bi such that 


h [ X- —^ 

' ” 2^=^ / - 2'=^+! 


( 6 . 2 ) 

and 

(6.3) s(k, + i.u,) > {gA...., ,..■. 

Since Uj is a local minimizer of J in Bi and Uj(xj) = 0, then Uj is bounded (see Theorem 1 
in [H]). Namely, there exists a positive constant M, that is independent of j, such that S{kj + 


1, Uj) < M. Therefore, from (6.3) we have that M > j2~^^ /2, which implies that 2^^ > j/{2M). 
Hence, kj tends to -l-oo when j -G -|-oo. 

We set 

2-ki 


(6.4) 


S{kj + l,Uj)' 


Using (6.3) once more, we see that 
(6.5) 


J 

For any j, we now define the function 


CTj < - —>■ 0 as j —>■ -boo. 


( 6 . 6 ) 

Then, by construction, 
(6.7) 


, (x) := 




S{kj + l,Uj) 


sup |ud = 1. 


^1/2 


Furthermore, from (6.3) we have that 


1 > max ■ 


J2 


— kj 


1 


25 (^^ 1 ;^> 2 -p|u,|,...,^^P|u,|,...,^^sup^ 1-11 , 
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which in turn implies that 

(6.8) sup|uj|<2™+\ for any m < 2^=^. 

Finally, since Uj{xj) = 0, we have that 

(6.9) i;^(0) = 0. 

Notice that Vj is a minimizer (according to its own boundary values) of the scaled functional 

(6.10) J{v) ■— f \\7v\^ + X{v), 

J Bn 


for 0 < i? < 2''j and j large. Indeed, from (6.61 and an easy computation, we get 


-t-ki 




Hence, by the change of variable y = Xj +2 ^^x and recalling (6.4), 

J{vj) = f \Vvj{x)\P + a^X{v)dx 
Jbr 

f O-Pkj 

-\'XIuj{xj + 2“^^x)|^ + a^X{uj{xj + 2~^^x)) dx 


Ibr S{kj + 1 , Uj)P ' 


= o-P 2"'=^ 




\'^Uj{y)\P + X{uj)dy. 


Since Uj is a minimizer for J, the last formula implies that vj is a minimizer for J. Hence, 
from Lemma 3.1 we obtain that for any q > 1 and 0 < i? < 2^'^ there exists a constant C = 
C{R, g) > 0 independent of j such that 

max{\\vj\\c^^BR), l|Vuj||i,(B^)} < C, 

for some a € (0,1). Therefore, by a standard compactness argument, we have that, up to a 
subsequence, 

(6.11) Vj converges to some function u as j —>■ +oo in n C°‘{Bji) for any fixed R. 


From (6.7), (6.8) and (6.9) we obtain that 

sup |p| = 1, sup |u| < 2’”+^ and u(0) = 0. 

Bi/2 B2m 

We claim that 

(6.12) u is a minimizer for the functional f7(w) := |Vz;|^. 

For this, notice that for any (f G C^{Bb.) 

(6.13) f \^Vj\P+ aPX{vj) < f \W{vj+ip)\P+ aPX{vj+ip) 

Jbr Jbr 


because Vj is a minimizer for J defined in (6.10). By taking g > p in (6.11), we have that 


IBr 






[ |V(uj+(p)|P^ f |V(u + (p)|^ 

JBr jBr 


and 
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as j —>■ +00. Moreover, from (|6.5|) we obtain 


J ajX{vj) —>■ 0 and J ajX{vj + (/j) —>■ 0 


as j —)■ +00. Thus, sending j —)■ +oo in (6.13) and using these observations, we get 


/ \yv\P< / |V(u + (^)|P 

IBr jBr 


for any ip G C^{Bb). This implies (6.12). 

Hence, from Liouville’s Theorem (see Theorem |3.3[ ) we deduce that v must be a linear function 
in . Without loss of generality we can take v{x) = Cxi for some positive constant C. 


On the other hand, (6.2) implies that the following inequality holds true for the function Vj: 


M0,1) > y. 


By the uniform convergence in (6.11|), we have that for any e > 0 there is jo such that \Cxi — 


Vj{x)\ < e whenever j > jo- Since d{vj >0} is ho/2 thick in Bi it follows that there is 
Dj G d{vj > 0} n Hi such that yj = eiho/i + tje', for some tj G M, where ei is the unit 
direction of xi axis and e' T ei. Then we have that — 0| = \v{yj) — o(%)l < which is 


a contradiction if e is small. This finishes the proof of (6.1). 


If h{xo, jv) < 2^ some k, we use Theorem 4.2 to obtain that u is also a viscosity solution 


in the sense of Definition 4.1 Therefore, we can apply the regularity result in Theorem 5.3 
thus obtaining the desired claim. This concludes the proof of Proposition |6.1[ □ 


6.2. Proof of Theorem A. With the aid of Proposition |6.1| we now complete the proof of 
Theorem A. 


Proof of Theorem A. The argument in Proposition |6.1| shows that either there are finitely many 
integers k such that 


(6.14) 
and 

(6.15) 


S{k + l,u) < max 


L2-'= 
2 ^ 


^0’ 2k 


S{k, u) 
2 


> 


2fc+i 


S{k — m, u) 

2m+l ' 


3(0, u) 


or there are infinitely many k such that (6.14[) and (|6.15[) hold true. 


In the first case, there exists ko such that h (^Xq, 


xk: 


< 


kg 

2^0 + 


Y, and so P n B 2 -(ko+i) is a (7^’“ 


smooth surface. In the second case, we have linear growth of u at the free boundary point xq 
where the flatness does not improve. 

Suppose now that we are given r > 0. Then, either h{xo,r) < ^r or h{xo,r) > ^r. In 
the first case, we obtain that T is a C'^’“-surface. In the second case we argue as follows: there 
exists fc G N such that 

1 1 
2fc+i - ' - 2k- 


Hence, by the definition of h given in (2.3), we have that 

1 


h xo. 


2fc+i 


1 


>Mxo,r)>^T>^y^. 
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This means that we are in the position to apply Proposition |6.1[ that implies linear growth of u 
at the level r/2. □ 

A refinement of Theorem A is given by the following: 

Corollary 6.2. Let Lq be the constant given in Theorem A. Then, if r G and 

h{xo,r) > ^r, we have that 

sup |u| < 2Lr, 

Bt{xo) 

where L is the constant given by Theorem A. 


6.3. Alt-Caffarelli-Priedman functional. Here we introduce a functional that is a general¬ 
ization to any p > 1 of the one introduced by Alt, Caffarelli and Friedman in the case p = 2, 
and we show that this functional is bounded at non-flat free boundary points, thanks to the 
linear growth ensured by Theorem A. 

For this, we let u = u'^ — u~, where := max{0, m} and u~ := — min{0, u}. We define the 
functional 


1 


iPp{r,u,Xo) ■■= 


|Vm 


+ |p 


|Vu 


-IP 


JbAxo) \x-xo\^-‘^ Jb^xo) 


where xq S d{u > 0} and r > 0 is such that Br{xo) C H. 
Precisely, we show the following: 


Corollary 6.3. Let h^ be fixed, D Tl be a subdomain and Xg G T n D be such that h{r, Xq) > 

hp „ 

2 ' • 

Then there exist M > 0,ro > 0 depending only on N,p, ho, supQ |m|, A and dist{D,dfl) such 


that 


(Pp{r,u,xo) < —-— 


Vr < ro- 


Proof. Since is nonnegative p—subsolution (recall P.l in Proposition 3.4), we can apply 
Caccioppoli’s inequality, obtaining that 


0(2:0) 

From this and Corollary |6. 2 1 we have that 


f |Vu±|P<— /" iu^)P. 

Jb„{xo) Jb^Axo) 


/ \\/u^\P<Mp^, 

J Bp{xo) 

for some M > 0. Hence, using Fubini’s Theorem, we have 


|W 


,±|p 


/ Bj.{xq) la' a^o 


|A-2 


/o P 


1 

,N-2 


\yu^\p 

I dBp{xo) 

f |VAr + (JV-2) [ |Vo' 

JBAxp) ao P Jb„(x„) 


< 


pN- 

MN 


±|p 


which implies the desired result. 


□ 


Remark 6.4. In [15] we prove the converse statement in some sense. More precisely we show 
that if N = 2 and p > 2 is close to 2 then ipp(r,u,Xo) *5 discrete monotone. 
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7. Partial Regularity; Proof of Theorem B 

In this section we introduce the set-up in order to prove Theorem B. For this, we recall the 
notation introduced in Section]^ (recall in particular Definition 2.1 and formula (2.4)). We first 
show that ApM"*' is Radon measure. 


Lemma 7.1. Let u be a local minimizer of (1.1). Then, the following statements hold true. 


• ApU+ is a Radon measure and, for any x G F := 5{u > 0} and r > 0 such that B 2 r{x) C 


n, there holds 


(7.1) 


'Br(x) 


Apit+ <- f |Vu+|P-^ 

Jb2A=^) 


• For a given subdomain D LI there is r^ > 0 such that 
(7.2) f ApU~^ > Cr^~^, for any r < ro, 


JBAx) 

for all X G A Cl D, where C > 0 depends on A, N, p, dist(Zl,9D) and L (given by 
Theorem A). 

• For each x € T there is r(x) > 0 such that 


(7.3) 


/ ApU'^ > Cr^ for any r < r{x), with C O, 

J BAx) 

for some C > 0 that depends on A, N, p, dist(i7, dfl) and x. 


Proof. We first show (7.1). For this, we take for simplicity x = 0. Observe that by P.l in 
Proposition 3.4 we have that ApM+ > 0 in the sense of distributions. Also, for any p G (r, 2r), 


A„u~^ 


JdB, 


Therefore, integrating both sides of the last identity over the interval (r, 2r) with respect to p, 
we infer that 


ApM+ < 


r f ApU+ = r f |Vu+|p- 25 ,u+ 

Jr J Bn Jr J dBn 


|Vu+|P"2Vu+ 


^2r\Br 


dBp 

X 

x\ 


< 


'B2r. 


|Vm 


+ IP-1 


This proves (7.1). 


To prove (7.2) we argue towards a contradiction. So, for any j = 1,2,..., we let Xj G iNf 


and rj > 0 such that 


pN-l 

ApU+ < ——. 

J 


(7.4) / 

JB,..{xj) 

We also introduce Vj{x) := 

Since Xj G (R, it follows from Theorem A that u has uniform linear growth at Xj. This 
property translates to the scalings of v at Xj giving uniform linear growth for the functions Vj 
at the origin, i.e. |r’j (x)| < L|x| where L is the constant in Theorem A. 
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Notice that Vj is a minimizer of (dH), so it is locally C°‘, for some a G (0,1), thanks to 
Hence {vj} is uniformly bounded in C^’“, and so is \\'^Vj\\Lp{BM) fixed 


Lemma 


3.1 


M > 0, thanks to Caccioppoli’s inequality. Therefore, we can extract a subsequence {r’j(m)} 
such that Wj(m) —t Uo as TO —>■ +oo and Vq is a minimizer of J in i32. Moreover, by (7.4), 


JBi 


with f(^(0) = 0. As a consequence, vanishes identically in Hi, by the minimum principle for 
the p—harmonic functions. On the other hand, from Corollary 


3.6 


we have that sup^ ^ > |, 


and this gives a contradiction. Thus the proof of (7.2) is finished as well. 


The proof of the non-uniform estimate (7.3) follows from a similar argument, by replacing L 
with a constant C{x) depending on VM+(a;) and Vu~{x). □ 


As a consequence of Lemma 7.1 we obtain the first part of Theorem B. More precisely: 
Corollary 7.2. Let R > 0 be such that Bfj C H. Then TL^ > 0} n Bfi) < oo. 


Proof. It follows from (7.2) and (7.3) that for each a; € T n Br there is r(a:) > 0 such that 
(7.5) 


/ ApU'^ > Cr^ whenever r < r{x). 

Jb..(x) 


’Br-ix) 

Thus Dj;^rnBr{Br(a:){x) is a Besicovitch type covering of rnH/j. Applying Besicovitch’s Covering 

m{N) 

Lemma, we have that there is a subcovering P = [J of balls Bi := Br(xi){xi) such that 

k=l 

XBi < A for some dimensional constant A > 0 and 

m{N) 

roBnC [J y 

k—1 BiGQk 

where the balls Bi in each Qk are disjoint and Qk are countable. 

Now we take a small number (5 > 0, and we observe that if r{x) > S then (7.5) holds for any 
r < 6. Hence, without loss of generality, we take r{x) < 6 for any a: G T C Br. 


Therefore, using (7.5), 




N-l 




^ E 

BiGJP'' 

m(N) 

= E E 


AnU'^ 




k=i B^eOk 

< Am{N) J ApU'^, 

where Bss{T n Bn) is the 86 neighbourhood of T n Br. Thus, choosing a finite covering 
of Bss{^L\Br) with balls Bn^^Zj), with j = 1,... such that B 2 Ro{zi) C fl and BssiTOBR) C 
U^.iBRg{zj) and using (7.1), we have that 


«r'(rnfi,)<^4;E 


*■0 J B2Rg{Zj) 

and letting 5 —>• 0 we arrive at the desired result. 


^ < -|-oo. 


□ 
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We end this section by the following density type estimate to be used in the final stage of 
the proof of Theorem B. 

Lemma 7.3. For any subdomain D <£ n there is a positive constant c S (0,1) depending on 
N,p, A, supQ |u| and dist(D,5n) such that 
\{u < 0} n Brixo)\ 


(7.6) 


lim inf ■ 

r—>-0 


\Br{xo)\ 


> c, for any xq G D D d{u > 0}. 


Proof. Notice that if xq € Tn Z? then (7.6) holds true with c = 1/2. So we focus on the case in 
which xq S N n H. 

We fix r > 0 such that Br{xo) C and we take a function Vr that is p—harmonic in Br{xo) 
and such that u = Vr on dBr{xo). Then, reasoning as at the beginning of the proof of Lemma 


3.1 (in particular, using (|3.1|), (3.2), (3.3) and (3.4)), we have that there exists a tame constant 


c > 0 such that 


(7.7) 


f \V{\7u)-V{Vvr)\^ < f \Vu\P-\Vv\P 

J B'p (tCQ ) Br f iT-n") 


Br (^0 ) 


< 


' Bri^XQ ) 


X{u>0}) 


< / Ax{„<0}. 

J Br{xo) 

Now we claim that there is a constant 0 > 0 independent of r such that 

(7.8) VrixofPQr and [ |l^(Vw) — y(V'(;r)P > — [ 

Jbbx„) PP Je 


U — Vr 


I Brixo) 


Notice that by comparison principle it follows that Vr{xo) > u{xo) = 0. We prove the first 
inequality in (7.8) using a contradiction argument based on compactness, the second one can 
be proved analogously. 

Suppose that, for any j = 1,2,..., there are Xj G D and rj > 0 with B 2 rj {xj) C fl such 
that 


(7.9) 


0 < Vj{xj) < -f. 


Now, define Vj{x) := and Uj{x) = for any x G Bi. We recall that (3.17) im¬ 

plies that Uj is a minimizer for J in Bi. So, it follows from P.l in Proposition 3.4 Caccioppoli’s 
inequality and Theorem A that 


(7.10) 


[ \Vhf\P<C{N)f {uf )P <C{N)u;n2^+^pLP, 

•J Bi B 2 


where L is the constant introduced in Theorem A. 

Also, we observe that ApVj = 0 in i?i and that Vj = Uj on dBi. In particular, iVrijlP < 
iVujI^. This and (7.10) imply that \\vj\\w^’P{Bi) < C{N)LP, up to renaming C{N) (recall 
that are p-subharmonic, thanks to P.l in Proposition 3.4). 

Moreover, from the local regularity theory for p—harmonic functions we have that Vj are 
uniformly C^’°‘ in i?i. Consequently, we have that there is a subsequence (still denoted by vj) 
such that Vj —> Uq weakly in W^'P{Bi) and uniformly in Bi, as j -G -boo. In particular, by 
(^, 

uo(0) = lim Vj{0) = 0. 

j->oo 
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As for the sequence Uj, from (3.17) and Lemma 3.1 we infer that there is a subsequence (still 
denoted by Uj) such that 'Vuj —>■ Vuq strongly in L'^{Bi) for any q> 1 and Uj —)■ uq uniformly 
in Bi, as j —>■ +oo. Furthermore, uq is a minimizer of J and from the convergence of traces it 
follows that Vq = Uq on dBi. Also, by Corollary |3.6| we have that Uq ^ 0, and by Proposition 
|3.4| we have that uq is p—subharmonic in i?i. 

Altogether, we have obtained that 

ApVo < ApUo in Bi, vq = uq on dBi and no(0) = mo(0) = 0. 

But this is a contradiction to the comparison principle for p-harmonic functions. 


The second inequality of (7.8) can be proven analogously. 


Now we are ready to finish the proof of (7.6|). From (|7.7|) and (|7.8|) we have 
(7.11) f Ax{um A 


I Brixo) 


> 


c© 

f 

rP 

J B-rixo) 

cQ 

f 

rP 

JB^r-ixo) 


for 0 < K < 1 to be chosen later. Observe that by standard gradient estimates 
, M ^ C supbAxo) ^ cl ^ ^ r ^ 

|VUr(2/)| < - < --, y^B^rixo), 

1 — K r 1 — K 

up to renaming C > 0, where the last inequality follows from the maximum principle and 
Theorem A. Therefore, for any y S Bhj.(xq) 


(7.12) 


\vr{y)-u{y)\ > |?;,.(0) - m(j/)| - |i;,.(j/) - ?;^(0)| 

> Vr{0) - \u{y)\ - \vr{y) - Vr{0)\ 

CL 

> Vr{0) — 2LKr — 

> riQ — kL (2 + 


1 — K 

c 

1 — K 


> 


0 


if we choose k small enough. Returning to (7.11) we finally get that 

|{n<o}nR,(xo)| ^ cep+i 
\Br{xo)\ - 2PA ■ 


This finishes the proof of Lemma 7.3 


□ 


8. Blow-up sequence of u, end of proof of Theorem B 


In this section we study the blow-up sequences of a minimizer of (1.1) and prove a simple 
compactness result, that we use to conclude the proof of Theorem B. For this, let u be a 
minimizer of J and xq G d{u > 0}. Consider a sequence of balls Bp^{xo), with pk —>■ 0. We call 
the sequence of functions defined by 

(8.1) Uk{x) = 


u{xq + PkX) 


Pk 


the blow-up sequence of u with respect to Bpi,(xo). Clearly Uk is also a local minimizer. 
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Proposition 8.1. Let xq £ and Uk be a blow-up sequence. Then there is a blow-up limit 
uq : —>■ K with linear growth such that for a subsequence 

• Uk ^ Uo in for any a G (0,1), 

• Vufe —)■ Vuo weakly in for any q> 1, 

• d{uk > 0} —>■ 9{uo > 0} locally in Hausdorff distance, 

• X{«fc>o} ^X{ko>o} 


Proof. The first and second claims follow from Lemma 3.1 and a customary compactness argu¬ 
ment to show that the blow-up limit uq exists. 

We recall the definition of Hausdorff distance: 

dniF,G) :=inf|<5:Fc y Bsix),G C y Bsix)^ 

I xGG xGF ) 

Let Br := Br{zo) be a ball not intersecting 9{uo > 0}. If uq > 0 in Br then, by locally uniform 
convergence, Ufc > 0 in Hr, thus implying that d{uk > 0} n 5^/2 = 0- As for the case uq < 0 
in Br, it follows from Proposition 3.5 that ^ i’^o) < for any small e > 0. Thus, by the 

uniform convergence, we have that y (,u^) < e if fc is sufficiently large. From Proposition 
3.5 we conclude that u/c < 0 in 5^/2- In both cases we infer that d{uk > 0} does not intersect 
Br /2 if k is large enough. 


Conversely, if Br does not intersect d{uk > 0} for any large k, then either > 0 in Br or 
Uk < 0 in Br. In the first case, Uk is p—harmonic in Br and hence so is uq. Consequently, either 
Uq > 0 in Br or Uq = 0 in Br. Thus Br does not intersect d{uQ >0}. In the second case, we 
have that uq < 0, so that again 9{uo > 0} does not intersect Br. 


Reasoning as above and using a covering argument one can show that, for a fixed compact 
set D, the quantity 6 in the definition of with G = d{uo > 0} C H and F = d{uk > 0} C H, 
can be chosen as small as we wish. 

The last statement follows from the non-degeneracy of given by Corollary 3.6 the con¬ 
vergence of d{uk > 0} —?► d{uo > 0} in Hausdorff distance and the fact that the iV-dimensional 
Hausdorff measure 'H^{d{uo > 0}) = 0, since uq is also minimizer and Corollary 7.2 applies. 
Hence the proof of Proposition |8.1| is concluded. □ 


Remark 8.2. In view of Proposition \3T^ we see that when we consider the blow-up of a min¬ 
imizer, the limit cannot vanish, no matter how many times we blow-up the minimizer u at a 
non-flat point. 


We now finish the proof of Theorem B. More precisely, we show that 

(8.2) ((a{u > 0} \ dred{u > 0}) n Br) = 0. 

First observe that C d{u > 0} \ 9red{M > 0}, see the discussion in Section Since 

the current boundary T := _ {u > 0} C i?ij(0)) is representable by integration, ||T|| = 

fsjiio) |A*X{m>o}Ij we get from Section 4.5.6. on page 478 of [iTj that 

d{u > 0} \ 9red{w > 0} = KqU Kjr, where = 0 

and for Xi G Kq, > 0} C Br{xi)) —)■ 0 as r —)• 0. 


(8.3) 
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Let US show that 


(8.4) 


Kn=\ 


To see this, for fc G N, we define Uk{x) := where rfc —)■ 0 as fc —>■ +oo. By the 

compactness properties obtained in Proposition |8.H we have that Ufc —>■ uq, as A: —>■ +oo, for 
some function uq and, for any test function (p, 


'Br 


X{uo>o} divv? 


l-N 


/ X{„,>o}div(^ = rj, 

'Br JB 




i^i) 


X{u>0} divy) 


<supiprl ^{d,ed{u > 0} n Bnr^ixi)) 


0 


as 


X — Xi 
Xk 

k —^ 4-00, 


where (8.3) was also used. 


Hence we infer that X{iio>o} is ^ function of bounded variation which is constant a.e. in Bn. 


The positive Lebesgue density property of {u < 0} obtained in Lemma 7.3 and translated to 


uo through compactness, and the strong maximum principle for p—harmonic functions demand 
Uq to be zero. This is in contradiction with the non-degeneracy of u'^ stated by Proposition 3.5 
(notice that, by a compactness argument, the non-degeneracy property translates to uq). Thus 


(8.4) is proved. 


From (8.3) and (8.4) we obtain that H" ^ ((9{u > 0} \ 9red{R > 0}) n Br) = 0. The proof 


of Theorem B is then finished. 


9. Proof of Theorem C 

With the aid of Theorem A, in this section we complete the proof of Theorem C. 


Proof of Theorem C. It is well-know that in order to prove the estimate (2.5) it is enough to 


show that u grows linearly away from the free boundary. For this, let 0 G d{u > 0} and Bi (s fl. 
Notice that, if for all fc G N, A: > 2, we have that /i(0, 2“*) > then it follows from 

Theorem A that sup^ |tt| < 2Lr. Therefore, suppose that there is A:o G N such that 


(9.1) 
but 

(9.2) 




7 / f A ^0 f 

h 0, -r- I <-. 

'2^0 2 2^0 


From (9.1) and Proposition 6.1 (or Corollary 6.2) it follows that 

(9.3) ' ' . . 1 4L 


sup |u| = sup lul < 2L—j- ;r = - r-. 

B r ' ' Bi 1 ' ' " 2 '=o-2 2^0-1 


Denote Rq := 2^1-1 ^-^id introduce 


(9.4) 


uo(x) := 


l{R^ 

Rn 


X G B 


1) 


then by (3.17) it follows that Vq is a minimizer in Bi. Furthermore, (9.3) yields 

(9.5) sup|uo|<4L 

Bi 


and by (9.2) we see that i9{uo > 0} C Bi is ft.o/2 flat. Therefore, we infer from the second part 


of Theorem A that there are 6 G (0, 4) and a > 0 depending on N, p, A, Hq and 4L such 
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that 9{i;o > OjnBa is (7^’“ regular. Applying the boundary gradient estimates for p—harmonic 
functions we finally obtain 


(9.6) 


sup |Vuq (a;)| < 4LCo 
Bs 


for some tame constant Cq > 0. Recalling (9.4) and (9.3) we conclude that 

I I 

sup u < —Vr < ro 

Br. 0 

for some small universal constant tq. This completes the proof of Theorem C. 


□ 


Appendix A. Viscosity solutions and linear development 
Here we show Lemma 14.31 


Proof of Lemma \4-3[ We first show a). Without loss of generality, we may assume that Xq = 0 
and u = Cat. Let B := Bufyf) be a touching ball at 0 G T, for some yo G ft, and R> 0. 

Now, we want to establish ( |4.4[ ). For this, we first construct a function that can be used 
as a barrier to control u from below in the ring Bfi{yo) \ Bii/2{yo)- We consider the scaled 
p—capacitary function H, that is p-harmonic in Bji^yo) \ Bfi/ 2 {yo), that vanishes on dB^iiy^) 
and that is equal to 1 on dBfi/ 2 (yo). Observe that near the origin 

(A.l) H{x) = c{N,R)xn + o{\x\), 


for some c{N,R) > 0. 

Using the Harnack inequality we see that u{x) > CQU^yo) in Hr/ 2 ( 2 /o)) for some Cq > 0. Thus, 
multiplying H with a suitable constant a := cou^yo) we obtain that aH < u on 9S_r/2(j/o)- 
Moreover, u> 0 = aH on dBfi{yif). Hence, by comparison principle, we get that 


u{x)>aH{x) in Hfl(po) \ 


From this and (A.l) we obtain that 


(A.2) 


u{x) > ac{N, R)xn + o(|a;|) 


near the origin. 

Now we take fco the smallest positive integer such that 2~^° < R/2 and we define 


(A.3) 


Afc := sup{to : u{x) > mxN in i? 2 -(''o+'=) F Bii{yQ)}, A: = 0,1, 2,- 


Thanks to (A.2) the set of numbers m in the definition of Ak is not empty. Notice also that 
the sequence {Ak\ is increasing, and so we let A := sup A*,. 

We observe that 


(A.4) 


A > 0. 


Indeed, since u[x) > aH{x) in Bji{yo) \ Bji/ 2 {yo) then Aq > 0. This implies (A.4), because Ak 
is increasing. 


If A = oo, then u grows faster than any linear function at 0. While, if A < oo, then (4.4) 
holds true. 
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Now we claim that equality in (4.4) holds in any non-tangential domain. In what follows we 
denote by 

(A.5) B := Bs{eN/2), for some small s > 0, Vk'■= Bn/rkivo/rk) r\ Bi and r}^ ■= 

If the claim fails then there exist a sequence of points G Bpiiyo) and (5o > 0 such that 
(A.6) u{x^) > Ax% + 5o\x^\ and \xk\ = ru ^ d\st{x’^,dBR{yo)). 

Now let Uk{x) := . Notice that (A.6) implies that 

Uk{y^) > Ay% + (5o) 

where y^ := x^/r^ G dBi n BR/r^{yo/rk). This implies that 
(A.7) Uk{x) - Axn > Co (5o 


on some fixed portion of dBi n Bn/rkivo/fk), for some cq > 0. So, (A.7) and the Harnack 
inequality give that 


(A.8) 


Uk{x) - Axn > 


B, 


where B has been introduced in ( A.5[ ) and we can take s = |. 

Since Uk are uniformly in B 2 (^BR/r^{yo/'rk) and uniformly continuous in i? 2 n{a::Ar > 0}, 
we have that, up to a subsequence, Uk converges uniformly to some mq > 0 in Si n {xat > 0}. 
Therefore, by construction of A, 


(A.9) 


uq{x) — Axn >0 in dBi n {xn > 0}. 


We recall (A.5) and define functions Wk as solutions to the following boundary value problem 
(A. 10) 



Wk = AkXN + ^ 


in Vk \ B, 
on dB, 
on dVk- 


Now from the definition of Ak in (A. 3 ) we have that Uk{x) > AkXN in Bfi/r^[yQ/rk)C\Bi = Vk, 
and so Wk = AkXN < Ufc on dVk- Moreover, on dB we have that Wk = AkX^ + < 

Axm + < Uk, thanks to (A.8). By comparison principle we get that Wk < Uk in Vk \ B. 

By construction Wk -G Wq uniformly in B^ n Vk and 

(A.11) \\wk — 'R'ollLoo(x)fc) < £fc —>■ 0. 

From the stability of (7^’“ norm in B^^^^ (recall that we chose s = 1/8 in (A.5)) we conclude 
(A.12) ~'^o)|lco.(5+^^^nx>fc) — ^k- 

This allows to estimate the Holder norm of ^/{wk — wg) near the flat portion of the boundary 

^ 3 / 16 - 
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By Hopf’s Lemma there is 7 > 0 such that wg > (^+7)a;Ar+o(|x|) near the origin. Combining 
we get that 


(A.13) 


Uk > Wk = Wk - Wg +Wo > Wk - Wq + {A +"f)xN + o{\x\) 

> {A + j)x2+0{\x\)-£kXN 

> (^++ o(|a:|) 

> (A + '^)xn 


in ( 2 /o/to)- Returning to u we get that 


u{x) > {A+ -^)XN > {Ak+l + -^)XN 


in Br ^/2 n Bji{yg) = Rr-k+i C Bji{yg). This is a contradiction with the definition of Ak in (A.31. 


Hence, (4.4) holds true in any non-tangential domain, and this concludes the proof of part a). 


Now we show part b). For this, we take a ball Bji{yg) touching xg from outside ft. We 
construct the barrier as follows: we let 77 to be a p-harmonic function in B 2 R{yg) \ Bii{yg), such 
that p = 0 on dB]i{yg) and rj = maxas 2 i?(i/o) ^ dB 2 R{yg). Then, from comparison principle 
we have that u < rj in i? 2 i?,( 2 /o) C fl. Moreover, by Hopf’s Lemma 


(A. 14) 


r]{x) = C{N, R)xn + o(|a;|) 


near the origin, for some C{N, R) > 0. 

We take kg to be the smallest positive integer such that 2~^° < Rj^^ and we define 


j3g := inf{TO : mr]{x) > u{x) in B 2 -ko C B'^{yg)}, 


and, for any fc > 1 , 


/3fc := inf{TO : mr]{x) > u{x) in C H^(yo)}- 

Since Pk is a decreasing sequence, we can take (3 := ini Pk- Hence, /3 > 0, and, setting P := 


PC{N,R), from (A. 14) we deduce (4.5). 

In order to prove equality in (4.5) in every non-tangential domain, one can proceed as in the 
proof of part a). This concludes the proof of Lemma 4.3 □ 
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